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Fig. 3 Wake shapes produced by vortex – lattice and hybrid
methods.

agreed within 0.1%, consistent with the hypothesis of Refs. 9
and 10. The agreement of the Trefftz-plane drag computed
with the straight wake and the force-free wake, also 0.1%,
indicates that the hybrid scheme produces force-free wakes of
suf� cient accuracy to enable Trefftz-plane integration of drag.

The hybrid method has also been successfully applied to an
unusual split tip wing that has two outer wing panels in tan-
dem, with no dihedral.10 This planform is challenging for the
wake – relaxation method because the wake from the forward
tip panel passes closely over the rear tip panel. A conventional
vortex– lattice method could not accommodate this close wake
interaction because of the strong velocity singularities pro-
duced by the vortex elements on the wing. The drag prediction
for the split tip wing using the hybrid wake method was in
close agreement with high-resolution pressure integration as
well as with wind-tunnel experiments using a wake survey
method that enables direct measurement of induced drag.

Conclusions
A technique has been developed for numerically computing

the force-free wake shape downstream of � nite wings, based
on the need for very accurate integration of induced drag in
the Trefftz plane. An AR = 7 elliptical wing with straight trail-
ing edge was used to study the in� uence of the computed wake
shape on induced drag. A traditional vortex-lattice relaxation
method produced a wake that led to a 9% error in Trefftz-
plane drag. The new method presented here obtains more ac-
curate wing-induced velocities from a high-order panel
method, while relying on the well-behaved nature of the dis-
crete-vortex wake model for the wake-induced velocities. The
induced drag with the wake produced by this hybrid scheme
agreed with the drag predicted with a straight wake within
0.1%, consistent with high-resolution pressure integration.
These and other cited results indicate that the hybrid scheme
produces wakes of suf� cient accuracy to enable Trefftz-plane
integration of drag on the force-free wake.
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Introduction

A ERODYNAMIC shape optimization is one of the major
targets of computational � uid dynamics (CFD) today to

improve design ef� ciency. Among aircraft components, opti-
mization of airfoil shape has a signi� cant impact on aircraft
performance. Thus, transonic airfoil optimization is considered
here.

In Ref. 1, a genetic algorithm (GA) has been applied to
optimize target pressure distributions for inverse design meth-
ods. Pressure distributions around airfoils are parameterized by
B-spline polygons, and the airfoil drag is minimized under
constraints on lift, airfoil thickness, and other design princi-
ples. Once a target pressure distribution is obtained, corre-
sponding airfoil geometry can be computed by an inverse de-
sign code coupled with a Navier– Stokes solver. Successful
design results were obtained for transonic cases with and with-
out a shock wave. In Ref. 1, a sharp trailing edge was em-
ployed for airfoil closure.

Traditionally, airfoil closure has been accomplished by using
a sharp trailing edge. Work to develop the supercritical airfoil
has shown the possibility of using a thin trailing-edge geom-
etry with near-parallel trailing-edge surfaces to produce a su-
perior transonic airfoil section. Further study by Henne2 leads
to a divergent trailing-edge airfoil that utilizes the bluntness of
the trailing edge to improve transonic performance. Flow� elds
around such blunt trailing-edge airfoils have been studied nu-
merically in Refs. 3 – 5.

In Ref. 6, the inverse optimization method was extended to
the design of blunt trailing-edge airfoils. To predict the � ow-
� eld around the blunt trailing edge accurately, a grid was
placed in the wake region behind the blunt trailing edge (the
H grid) in addition to a grid wrapping around the airfoil sur-
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Fig. 2 Comparison of airfoil geometries.

Fig. 1 Design result.

face and the wake region (the C grid). Furthermore, the low
Reynolds number k-« model was implemented into the
Navier– Stokes code to account for a separated � ow at the base
region as suggested in Ref. 4. Although the basic algorithm
has been established, the quality of the result depends on the
convergence of the inverse solver. This Note reports a new
airfoil design obtained from an improved inverse solver.

Inverse Optimization Using GA
GAs simulate evolution by selection. Design candidates are

considered as individuals in the population. An individual is
characterized by genes represented as a string of parameters.
In this Note, a B-spline curve is used to represent a pressure
distribution. Seven points are used to de� ne B-spline polygons
to determine pressure distribution for the upper and lower air-
foil surfaces separately. Except for the leading- and trailing-
edge points, a total of 12 points are considered as genes rep-
resenting design candidates.

At each generation (iteration) of GA, the � tness value (ob-
ject function value) of every individual is evaluated and used
to specify its probability of reproduction. A new population is
generated from selected parents by performing crossover and
mutation. Crossover proceeds in two steps. First, members in
the mating pool are mated at random. Second, each pair of
strings undergoes partial exchange of their strings at a random
crossing site. This results in a pair of strings of a new gener-
ation. Mutation will occur during the crossover process at a
given mutation rate. Mutation implies a random walk through
the string space and it plays a secondary role. The present GA
was run for 2000 generations with 100 individuals with a mu-
tation rate of 20%.

In this Note, the optimization problem is de� ned as

Minimize: Cd

Subject to: 1. Cl = speci� ed
2. Airfoil thickness t/c = speci� ed

Reference 1 describes additional constraints based on the de-
sign principles of the supercritical airfoil. Those constraints are
also necessary for the present optimization. Minor modi� ca-
tions were made to them here. For example, the maximum
pressure coef� cient at the rear loading region was increased to
0.5 to take advantage of the blunt trailing edge. The slope
value of dCp/d x to � nd a feasible location for a shock wave
was reduced to 0.4 to produce a rooftop pressure distribution
on the upper surface of the airfoil. Finally, the objective and
constraints were combined into a single � tness function for the
present GA (see Ref. 1 for details).

Once the present GA � nds an optimum target pressure dis-
tribution, a corresponding airfoil geometry can be obtained by
an inverse design method. Here, the inverse design code,
WinDes, is used.7 WinDes uses the following iterative proce-
dure. Suppose an initial geometry and surface pressure distri-
bution obtained from any CFD code is given. First, pressure
differences are calculated from the given initial and target pres-
sure distributions. From these pressure differences, corre-
sponding geometry corrections can be computed from the in-
tegral equations discretized at the panels on the geometry. An
improved geometry is then obtained from the initial geometry
and the computed geometry corrections. Finally, the CFD code
is used again to check how close the resulting pressure distri-
bution is to the target distribution. If the differences are still
large, the process is iterated. In practice, 15 design cycles are
suf� cient to obtain the � nal geometry.

The input for the inverse design code is pressure differences
and the output is geometry corrections. To avoid reversed ge-
ometry de� nition at the trailing edge, the geometry correction
is always set to zero at the trailing edge. If an initial airfoil
has a blunt trailing edge, a designed airfoil should retain it.
Thus, by using a shortened NACA 0012 with base as an initial

airfoil, a blunt trailing-edge airfoil can be designed by WinDes.
The base size was set to 0.7% chord.8 When a strong shock
wave appears, however, WinDes sometimes has dif� culty in
convergence of the design cycle. In the present study, conver-
gence was achieved by applying smoothing to the modi� ed
geometry at each inverse design cycle.

The advantage of the present inverse method is that the re-
quired analysis code is arbitrary and any type of analysis
method, even experiment, can be used. In this Note, the
Navier– Stokes code validated in Ref. 6 was coupled together.
In Ref. 6, numerical results of transonic � ows around the short-
ened RAE2822 airfoil were compared with experiment similar
to Refs. 3 and 4. For the present computation, the C grid of
191 3 91 points and the H grid of 32 3 32 points were used.
The inverse design code, Navier – Stokes code, and algebraic
grid generator constructs a nearly automated loop for the in-
verse design with reasonable computational requirements.
These codes were implemented on a Cray C90 supercomputer
at the Institute of Fluid Science, Tohoku University. The in-
verse design for 10 cycles required about 2 h of single CPU
time.

Design Result
As a reference airfoil to be compared with a new design,

NASA SC(2)-0714 was selected from Ref. 7. This airfoil is
14% chord thick. The design point of the airfoil is Cl = 0.70,
M = 0.73, Re = 30 3 106, and a = 20.06 deg. The Navier–

Stokes code used predicted Cl = 0.806 at the � ow condition
of M = 0.73, Re = 30 3 106, and a = 0 deg. These latter values
were chosen as the present design point.

Figure 1 shows the comparison of computed pressure dis-
tribution of the designed airfoil against the target distribution.
The target pressure distribution was optimized by GA. The
corresponding geometry was obtained by the inverse design.
The resulting pressure distribution was computed by the
Navier– Stokes code. The aerodynamic performance of the de-
signed airfoil becomes Cl = 0.795 and Cd = 0.0136 at the
design point. Figure 2 shows a comparison of geometries be-
tween the designed and SC(2)-0714 airfoils.
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Fig. 3 Comparison of aerodynamic performance.

To compare relative aerodynamic performance, L /D is plot-
ted at various Mach numbers in Fig. 3. From the plots, the
present design is found to perform better than SC(2)-0714,
except at Mach numbers of 0.7 and 0.72 (slightly lower than
the design point of 0.73). Although only a straight base is
considered for the airfoil closure here, Ref. 8 suggests that the
inclusion of cavity at the base might further reduce the drag.
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Nomenclature
b = wingspan length
CDi = total induced drag coef� cient
CL = total lift coef� cient
CT = total thrust coef� cient
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c = local chord length
cdi = sectional induced drag coef� cient
cl = sectional lift coef� cient
ct = sectional thrust coef� cient
S = wing planform area
Tn = Chebychev polynomial of degree n of the � rst kind
a = angle of attack
DCp = difference between lower and upper pressure

coef� cients

Superscripts
F = far-� eld method
N = near-� eld method

Introduction

T HE calculation of induced drag is one of the dif� cult
problems for the discrete numerical lifting surface meth-

ods because it requires a very accurate computation of the lift
distribution. Since the numerical accuracy near the leading
edge of the conventional vortex lattice method (VLM) is not
adequate, VLM cannot predict the near-� eld induced drag as
precisely as that of the far � eld. There are several works1,2 to
improve the accuracy near the leading edge of the VLM so-
lution. The quasi-vortex-lattice method (QVLM) by Lan3 ap-
pears to be the only one among those methods that has suc-
ceeded in obtaining adequate results for two calculation
methods of the induced drag. Most of the numerical lifting
surface methods including QVLM have only investigated the
agreement of the near- and far-� eld induced drags because it
has been taken as the performance indicator of the numerical
methods, but they have not addressed the accuracy of the pre-
dicted values suf� ciently. In Ref. 4, the present authors have
shown the analytical solutions of the induced drag in terms of
the near and far � elds for the elliptic wing in steady incom-
pressible � ow using Kida’s method.5 This Note investigates,
through the analytical results in Ref. 4, the performance for
the induced drag calculation of QVLM and box-in-strip
method (BISM)6 developed by one of the present authors.

Method
The computational method of the induced drag by QVLM

is addressed in Ref. 3, whereas that by BISM must be for-
mulated and incorporated into a computer program. First, the
near-� eld induced drag calculation is considered.

Since BISM utilizes the Stark’s quadrature formula7 for
evaluating the Cauchy singularity in the lifting surface integral
equation, it calculates the values of DCp at the points (xi, y)
expressed by the cosine law distribution:

x = x 1 (c/2)cos b , i = 1, . . . , n (1)i m i

where xm denotes the x coordinate of the midpoint on the local
chord, bi = 2ip/(2n 1 1), and n is the total number of chord-
wise collocation points. The spanwise coordinate y of the col-
location point can be determined arbitrarily and will not be
speci� ed here. It is found that cos bi are the zero points of
function Gn(j ) de� ned by [Tn11(j ) 2 Tn(j )]/(1 2 j ), and it is
also shown that Gn(j ) is the orthogonal polynomial of degree
n on the interval [21, 1] with respect to the weighting function
[(1 2 j )/(1 1 j )]1/2, which expresses the singularity at the
leading and trailing edges in the thin wing theory. Using the
Lagrangian interpolation formula, the chordwise distribution
of DCp can be approximated by the following equation:

n

DC (x, y) = g (j )DC (x , y) (2)p i p iO
i=1


